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a b s t r a c t
We consider ideals I of subsets of the set of natural numbers N such that for every
conditionally convergent series of real numbers
∑
n∈N an and s ∈ R, then there is a
sequence of signs δ = (δn)n∈N such that∑n∈N δnan = s and N(δ) := {n ∈ N : δn = −1} ∈
I . We give some properties of such ideals and characterize them in terms of extendability
to a summable ideal.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
A celebrated theorem of Riemann affirms that if the series of real numbers
∑
n∈N an is conditionally convergent and if
s ∈ R := R ∪ {−∞,∞}, then there is a permutation π of the set N of all natural numbers such that∑n∈N aπ(n) = s (for
example, [1, Theorem 23.7]).
Filipów and Szuca [2] have studied whether it is possible to take the permutation π , in the above theorem of Riemann,
such that it changes only a ‘‘small set’’ of terms of the series, where the notion of smallness is induced by an ideal of subsets of
the setN (formore information about set ideals see [2–4]). It is said that the ideal I has the (R) property if for any conditionally
convergent series of real numbers
∑
n∈N an and s ∈ R, then there is a permutation π of N such that
∑
n∈N aπ (n) = s and{n ∈ N : π(n) ≠ n} ∈ I .
We consider a similar situation. It is known that if the series of real numbers
∑
n∈N an is conditionally convergent and if
s ∈ R, then there exists a sequence of signs δ = (δn)n∈N ∈ {−1, 1}N such that∑n∈N δnan = s (Corollary 2.7). We say that
the ideal I has the (S) property if it is possible to take δ such that N(δ) := {n ∈ N : δn = −1} is in I (see Definition 2.5).
In this note we prove that the (R) and (S) properties are equivalent (Theorem 3.3). That is, for an ideal I of subsets of N,
given every conditionally convergent series
∑
n∈N an and any s ∈ R, there is a permutation π of N such that
∑
n∈N aπ(n) = s
and {n ∈ N : π(n) ≠ n} ∈ I if and only if there exists a sequence of signs δ = (δn)n∈N such that∑n∈N δnan = s and
N(δ) := {n ∈ N : δn = −1} ∈ I .
The ideal Id of all the sets of asymptotic density zero has the (R) property [4]; hence it has the (S) property (Corollary 3.4).
Recall that a subset A of N belongs to the ideal Id if
lim sup
n→∞
|A ∩ {1, 2, . . . , n}|
n
= 0,
where |B| denotes the cardinal of B [2, Example 2.3].
∗ Corresponding author.
E-mail addresses: tbermude@ull.es (T. Bermúdez), anmarce@ull.es (A. Martinón).
0893-9659/$ – see front matter© 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2011.04.045
1832 T. Bermúdez, A. Martinón / Applied Mathematics Letters 24 (2011) 1831–1834
2. Preliminaries
We begin with the definition of an ideal:
Definition 2.1. A family I of subsets of N is an ideal on N if:
(1) If A ∈ I and B ⊂ A, then B ∈ I .
(2) If A, B ∈ I , then A ∪ B ∈ I .
The ideal I is proper if N does not belong to I and it is admissible if any finite subset of N is in I .
In this paper all the ideals are proper and admissible. We need the notion of a summable ideal which is based on the
following example.
Example 2.2. Let b = (bn)n∈N be a sequence of non-negative real numbers such that∑n∈N bn = ∞. The family
Ib =

A ⊂ N :
−
n∈A
bn <∞

is an ideal on N.
Now some types of ideal are defined:
Definition 2.3 ([2]). Let I be an ideal proper and admissible on N. Then
(1) I has the (R) property if given the conditionally convergent series of real numbers
∑
n∈N an and s ∈ R, then there is a
permutation π of N such that
∑
n∈N aπ(n) = s and {n ∈ N : π(n) ≠ n} ∈ I .
(2) I has the (W ) property if given the conditionally convergent series of real numbers
∑
n∈N an, then there exists A ∈ I such
that
∑
n∈A an is also conditionally convergent.
(3) I is summable if I = Ib for some sequence b = (bn)n∈N of non-negative real numbers such that∑n∈N bn = ∞ (see
Example 2.2).
(4) I is dense if every A ⊂ N, with A ∉ I , contains an infinite subset that belongs to I .
In [4, Question 1], Wilczyński asked for a characterization of ideals which have the (W ) property. Recently, Filipów and
Szuca proved that the (R) and (W ) properties are equivalent, and they are also equivalent to the property that the ideal I
cannot be extended to a summable ideal.
Theorem 2.4 ([2, Theorem 3.3]). Let I be an admissible and proper ideal on N. The following are equivalent:
(1) I has the (R) property.
(2) I cannot be extended to a summable ideal.
(3) I has the (W) property.
We introduce the following concept, which is central in this paper:
Definition 2.5. Let I be an ideal proper and admissible on N. We say that I has the (S) property if given the conditionally
convergent series of real numbers
∑
n∈N an and s ∈ R, then there is a sequence of signs δ = (δn)n∈N such that
∑
n∈N δnan = s
and N(δ) := {n ∈ N : δn = −1} ∈ I .
The following result concerning series of real numbers is basic for our purpose. We give a proof since we have not found
one in any text.
Theorem 2.6. Let b = (bn)n∈N be a sequence of non-negative real numbers converging to zero such that ∑n∈N bn = ∞ and
suppose that s ∈ R. Then there exists a sequence of signs δ = (δn)n∈N such that∑n∈N δnbn = s.
Proof. Assume that 0 ≤ s <∞. The other cases are proved in a similar way. For any natural number nwe define
sn := δ1b1 + · · · + δnbn,
the n-partial sum of the series
∑
n∈N δnbn, where δn is defined further on. Let n1 be the smallest natural number such that
sn1 =
−
1≤n≤n1
bn =
−
1≤n≤n1
δnbn > s,
where δn = 1 for 1 ≤ n ≤ n1. Let n2 be the smallest natural number such that n2 > n1 and
sn2 = sn1 −
−
n1+1≤n≤n2
bn =
−
1≤n≤n2
δnbn ≤ s,
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that is δn = −1 for n1 + 1 ≤ n ≤ n2. For every natural number nwith n1 ≤ n < n2 we have that
|sn − s| = sn − s ≤ sn1 − s < bn1 .
Let n3 be the smallest natural number such that n3 > n2 and
sn3 = sn2 +
−
n2+1≤n≤n3
an =
−
1≤n≤n3
δnbn > s,
where δn = 1 for n2 + 1 ≤ n ≤ n3. Now, for any natural number n such that n2 ≤ n < n3, we obtain
|sn − s| = s− sn ≤ s− sn2 ≤ bn2 .
This procedure gives a choice δn ∈ {−1, 1} such that sn converges to s, since (bn)n∈N converges to zero. 
From the above theorem we obtain the following result:
Corollary 2.7. If the series
∑
n∈N an of real numbers is conditionally convergent and s ∈ R, then there exists a sequence of signs
(δn)n∈N such that
∑
n∈N δnan = s.
3. The (S) property
Our main result asserts that the (R) property is equivalent to the (S) property. Before that we need that ideals with the
(S) property are dense (Lemma 3.1) and not summable ideals (Lemma 3.2).
Lemma 3.1. Let I be an admissible and proper ideal on N. If I has the (S) property, then I is a dense ideal.
Proof. Assume that I has the (S) property. Suppose that A ⊂ N with A ∉ I; hence A is infinite. We write A = {nk : k ∈ N}
such that n1 < n2 < · · · < nk < · · ·. Consider the sequence a = (an)n∈N defined in the following way:
ank =
(−1)k
k
if k ∈ N, an = 0 if n ∉ A.
As the series
∑
n∈N an is conditionally convergent and the ideal I has the (S) property, there exists a sequence of signs
δ = (δn)n∈N such that−
n∈N
δnan = ∞ and N(δ) = {n ∈ N : δn = −1} ∈ I.
Note that N(δ) is an infinite subset of N and−
n∈N
δnan =
−
n∈A
δnan.
Hence B = A ∩ N(δ) = {n ∈ A : δn = −1} is infinite, B ∈ I and B ⊂ A. Therefore I is a dense ideal. 
We use the following notation: given A ⊂ N, denote by 1A the characteristic function of A. For a sequence a = (an)n∈N
and a set A ⊂ N, we write 1Aa = (1A(n)an)n∈N, which satisfies 1A(n)an = an if n ∈ A, and 1A(n)an = 0 if n ∈ N\A. If∑n∈N an
and
∑
n∈N 1A(n)an are convergent, we can write−
n∈N
an =
−
n∈N
1A(n)an +
−
n∈N
1N\A(n)an.
Lemma 3.2. Let I be an admissible and proper ideal on N. If I is a summable ideal, then I does not have the (S) property.
Proof. Assume that I is a summable ideal, that is I = Ib = {A ⊂ N :∑n∈A bn < ∞}, for a certain sequence b = (bn)n∈N of
non-negative real numbers such that
∑
n∈N bn = ∞. We consider two cases.
Case 1: the sequence b = (bn)n∈N is not convergent to 0. Then there exists ε > 0 such that A = {n ∈ N : bn ≥ ε} is an
infinite subset of N; hence
∑
n∈A bn = ∞, so A ∉ Ib. An infinite subset B of A also verifies
∑
n∈B bn = ∞; therefore B ∉ Ib.
Consequently the ideal Ib is not dense. By Lemma 3.1 we have that the ideal Ib does not have the (S) property.
Case 2: the sequence b = (bn)n∈N is convergent to 0. By Theorem 2.6, there is a sequence of signs δ = (δn)n∈N such that
the series
∑
n∈N δnbn is conditionally convergent. Let η = (ηn)n∈N be any sequence of signs such that
∑
n∈N ηnδnbn = ∞. If
N(η) ∈ Ib, then∑n∈N(η) bn converges, so∑n∈N(η) δnbn is absolutely convergent, and hence−
n∈N(η)
δnbn = −
−
n∈N(η)
ηnδnbn = −
−
n∈N
ηnδn1N(η)(n)bn
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is convergent; as
∑
n∈N δnbn is convergent, we obtain that−
n∈N\N(η)
δnbn =
−
n∈N\N(η)
ηnδnbn =
−
n∈N
ηnδn1N\N(η)(n)bn
is also convergent and, therefore, the series−
n∈N
ηnδnbn =
−
n∈N
ηnδn1N\N(η)(n)bn −
−
n∈N
ηnδn1N(η)(n)bn
is convergent, which yields a contradiction. ConsequentlyN(η) ∉ Ib. From this we obtain that Ib fails to have the (S) property
with the series
∑
n∈N δnbn and r = ∞. 
Finally we give our main result.
Theorem 3.3. Let I be an admissible and proper ideal on N. Then
I has the (R) property ⇐⇒ I has the (S) property .
Proof. (H⇒) Assume that I has the (R) property, but I does not have the (S) property. There exist a conditionally convergent
series
∑
n∈N an and r ∈ R such that for every sequence of signs δ = (δn)n∈N verifying
∑
n∈N δnan = r , we have that N(δ) ∉ I .
Moreover, by Theorem2.4, as I has the (W ) property, then there exists A ∈ I such that the series∑n∈A an is also conditionally
convergent. Since
∑
n∈N an and
∑
n∈N 1A(n)an are convergent, we can write−
n∈N
an =
−
n∈N
1A(n)an +
−
n∈N
1N\A(n)an.
Moreover, there exists a sequence of signs η = (ηn)n∈N such that−
n∈N
ηn1A(n)an = r −
−
n∈N
1N\A(n)an.
Note that we can choose ηn = 1 if n ∉ A; hence N(η) ⊂ A ∈ I , so N(η) ∈ I . Now we write−
n∈N
ηnan =
−
n∈N
ηn1A(n)an +
−
n∈N
1N\A(n)an = r,
and we obtain a contradiction.
(⇐H) Assume that I does not have the (R) property, and hence I can be extended to a summable ideal K ⊃ I , by
Theorem 2.4. Then K does not have the (S) property, by Lemma 3.2; hence I does not have the (S) property. 
Corollary 3.4. The ideal Id of all the sets of asymptotic density zero has the (S) property.
References
[1] M. Spivak, Calculus, corrected third edition, Cambridge University Press, Cambridge, 2006.
[2] R. Filipów, P. Szuca, Rearrangement of conditionally convergent series on a small set, J. Math. Anal. Appl. 362 (2010) 64–71.
[3] M. Kuczma, in: A. Gilányi (Ed.), An Introduction to the Theory of Functional Equations and Inequalities, second ed., Birkhäuser, 2009.
[4] W. Wilczyński, On Riemann derangement theorem, Słup. Prace Mat. Przyr. Mat. Fiz. 4 (2007) 79–82.
